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We report results from the molecular dynamics simulations of a binary colloidal mixture subjected to an
external potential barrier along one of the spatial directions at low volume fraction, φ = 0.2. The variations
in the asymmetry of the external potential barrier do not change the dynamics of the smaller particles,
showing Arrhenius diffusion. However, the dynamics of the larger particles shows a crossover from sub-
Arrhenius to super-Arrhenius diffusion with the asymmetry in the external potential at the low temperatures
and low volume fraction. Super-Arrhenius diffusion is generally observed in the high density systems where the
transient cages are present due to dense packing, e.g., supercooled liquids, jammed systems, diffusion through
porous membranes, dynamics within the cellular environment, etc. Thus, this model can be applicable to
study the characteristics of empty liquids, showing slow dynamics.
I. INTRODUCTION
Binary colloidal mixtures of unequal sizes serve as a
paradigm for entropic manipulation of structural as well
as dynamical properties of soft matter1–5. Primary rea-
son behind this is the attractive depletion interaction
between the larger species of the mixture due to the
presence of the smaller species. The physical interpre-
tation of depletion interactions is that there exists an ef-
fective attractive interaction between the larger particles
which favours the overlap of depletion layers around them
thereby providing a larger free volume available for the
smaller particles6. This interpretation hinges on the view
that an osmotic pressure imbalance pushes two larger
particles close to each other when they reach within a
length scale set by the smaller particles. It was first pro-
posed by Asakura and Oosawa7 and later reconsidered
by Vrij8 while explaining the phase behaviour of colloid-
polymer mixtures. Depletion interactions are invoked to
explain a large variety of phenomena in mixtures such as
colloidal crystallization9–12, vitrification of colloids13–17,
dynamics in crowded medium18–20, etc.
It has been shown that a binary colloidal mixture sub-
jected to an external potential, there exists depletion in-
teraction not only between the larger particles but also
between the external potential and larger particles21.
When the external potential is finite, this depletion inter-
action alters structural and dynamical properties signif-
icantly. When a binary mixture of colloids is subjected
to an external repulsive potential barrier, the depletion
interaction between the repulsive barrier and the larger
particles leads to a demixing in the mixture21,22. More-
over, dynamical properties of both larger and smaller size
particles in the mixture deviate substantially in the pres-
ence of external barrier and show a lot of interesting phe-
nomena. For example, at low temperatures the smaller
a)Electronic mail: anil@niser.ac.in
particles get localized between the external potential bar-
riers leading to a slowing down in dynamics similar to the
dynamics of supercooled liquids23. This slowing down is
manifested by a plateau in the mean-squared displace-
ment at intermediate times, non-zero non-Gaussian pa-
rameter, two-step relaxation in the intermediate scatter-
ing function, etc. This is intriguing as this occurs even
at very low volume fractions. However, the larger parti-
cles does not get localized between the barriers and con-
tinue to show normal diffusion even at low temperatures.
This is attributed to the reduction in effective potential
barrier the larger particles have to cross during their dy-
namics due to the depletion interaction. At the higher
temperatures, the smaller particles diffuse faster than the
larger particles, which is expected. However, as the tem-
perature decreases, the diffusion coefficients undergo a
crossover and larger particles start diffusing faster than
the smaller counterparts. This occurs because the diffu-
sion coefficient of larger components (Dl) decreases very
slowly with decreasing temperature. This weak depen-
dence of Dl on temperature suggests that the diffusion
of larger components is no longer Arrhenius and the acti-
vation energy for diffusion is temperature dependent. It
has been shown that the larger particles’ diffusion is sub-
Arrhenius and activation energy decreases with temper-
ature whereas the diffusion of smaller particles is Arrhe-
nius with a constant activation energy24. In general, sub-
Arrhenius diffusion is considered to intimately related to
quantum phenomena and has been observed mostly in
systems where quantum tunneling plays an important
role such as in certain chemical reactions25,26. In fact, the
binary colloidal mixture, subjected to an external Gaus-
sian potential barrier, is a first classical system which has
been observed to undergo sub-Arrhenius diffusion.
Here, we investigate the effect of asymmetry in the
external potential on the dynamics of binary mixture us-
ing canonical ensemble molecular dynamics simulations.
We find that as the asymmetry in the external potential
increases, the diffusion of larger particles changes from
sub-Arrhenius to super-Arrhenius diffusion. This hap-
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2pens due to the crowding of larger particles near the bar-
rier when asymmetry in the external potential becomes
large. The remainder of this paper is organised as follows:
we begin with a description of our model and the simula-
tion details in Sec. II. The dynamical properties as well
as the structural changes associated with the asymmetric
potential are presented in Sec. III. Here, we discuss about
the crossover from sub-Arrhenius to super-Arrhenius dif-
fusion as asymmetry in the potential increases. We con-
clude our results in Sec. IV.
II. SYSTEM AND SIMULATION DETAILS
We perform constant NVT molecular dynamics simula-
tions of a equi-volume colloidal mixture consisting of two
different sizes of particles with equal masses. The inter-
particle interactions in the colloidal mixture are soft and
purely repulsive, which are given by the potential
V (rij) = ij
(
σij
rij
)12
, (1)
where (i, j) ∈ (s, l) are corresponding to the small and
large size particles. The simulation parameters are:
σss = 1.0, σll = 2.0, ss = 1.0, and ll = 4.0
24.
Cross interaction parameters are obtained using Lorentz-
Berthelot additive mixture rules. This system is sub-
jected to an external asymmetric potential at the center
of the box (z = z0) along the z−direction, which is given
as
V (z) = ext e
−( z−z0ω )
2[
1 + erf
{
A
(
z − z0
ω
)}]
, (2)
where ext, ω, and A are height, width, and asymme-
try parameter of the external potential. We have fixed
the width ω = 3.0, while varying the ext and A in this
study. The asymmetry parameter A = 0.0 corresponds
to the symmetric external potential24, while non-zero val-
ues of A corresponds to the asymmetry in the potential.
The simulations are carried out by varying the asymme-
try parameter as A = 0.0, 1.0, 2.0, 4.0, 8.0, 10.0, 12.0,
where ext is adjusted such that the height of the poten-
tial remains at 2.0; this potential is plotted in Fig. 1 for
few typical values of asymmetry parameter A. Hereafter,
we refer the side of asymmetric potential which coincides
with the symmetric Gaussian potential as the symmetric
side and the one which deviates from symmetric Gaussian
potential as asymmetric side. We simulate this system
at the volume fraction φ = 0.2 and temperatures T =
2.0–0.3. The periodic boundary conditions (PBCs) are
applied along all the three directions of a cubic simula-
tion box of length L =17; detailed simulation information
can be obtained from a study by Kumar23. Dynamical
properties of the system are computed from the phase
space trajectories produced in each production run and
averaged over five simulation runs, each starting from a
random initial configuration.
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Figure 1. External potential barrier along the z−direction
at z0 = L/2 with varying asymmetry parameter A = 0.0–
12.0. Note that A = 0.0 is corresponding to the symmetric
barrier23. As A increases from zero, the asymmetry in the
potential also increases. With increasing asymmetry a little
shift (to the right) in the position of the potential is shown,
which does not alter the dynamics of the system because of
the PBCs.
III. RESULTS AND DISCUSSION
To examine the effect of asymmetry in the barrier on
the dynamics of the colloidal mixture, we have calculated
mean-squared displacement (MSD) of both type of par-
ticles along the z−direction as
δr2 =
1
N
〈(rz(t)− rz(0))2〉, (3)
Since the external potential barrier is only along the z-
direction and the volume fraction is low, one can safely
assume that the MSD of both type of particles does not
change along X and Y directions with the asymmet-
ric parameter23. In Fig. 2, we plot the MSD of both
species of particles at T = 1.0 and T = 0.3 at different
asymmetry parameters. At high temperatures, both the
species in the binary mixture undergo normal diffusion
at all values of asymmetry parameter A. As expected,
the dynamics of smaller particles is faster than that of
the larger particles, as evident from the higher values of
MSD for the smaller particles. However, at low temper-
atures, the MSD of smaller particles deviate from the
linear behaviour and develops a plateau at intermediate
times. This is due to the localization of smaller particles
between the external potential barriers (multiple barri-
ers arises due to the PBCs), as in the case of symmetric
barriers (A = 0). However, the MSD of larger particles
remains linear (at long times) even at lower tempera-
tures due to the attractive depletion interaction between
the external potential barrier and larger particles. Ex-
cept for very large values of asymmetry parameter (A =
10 and 12), the asymmetry in the potential barrier does
not have any effect on the MSD of smaller particles at
all temperatures. However, MSD of larger particles de-
3Figure 2. Mean-squared displacement of the smaller (dashed
curves) and larger (solid curves) particles at A = 0.0, 1.0, 4.0,
8.0, 10.0, and 12.0. (a) T = 1.0 and (b) T =0.3.
creases with increasing A. This is expected as the de-
pletion interaction is between the potential barrier and
larger particles and any change in the potential will be
mainly affecting the dynamics of the larger particles.
The long time diffusion coefficient of the particles along
the direction of external potential barrier in the colloidal
mixture is computed as Dz = lim
t→∞
δr2
2t , where δr
2 is com-
puted from Eq. 3. Figure 3(a) shows a semi-log plot of
Dsz vs the inverse temperature (1/T ). As temperature
decreases, the diffusion coefficient of smaller particles de-
creases rapidly. Here again the asymmetry in the poten-
tial barrier does not affect the diffusivity of the smaller
particles, except for very large values of A, namely 10
and 12. The plots are linear and can be fitted with the
Arrhenius equation D = D0 exp(−Esa/kBT ). This essen-
tially means that activation energy for the smaller par-
ticles’ diffusion is temperature independent. However,
the diffusion coefficient of the larger particles decreases
rather slowly with temperature, which suggests a non-
Arrhenius behaviour. As asymmetry in the potential bar-
rier increases, Dlz starts decreasing faster with decreas-
ing temperature, but the numerical values are still larger
compared to Dsz.
The temperature dependence of Dlz is found to be sub-
Arrhenius in the case of symmetric potential barrier23. In
fact, a general d−Arrhenius equation has been proposed
to include the deviations from Arrhenius behaviour in
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Figure 3. Diffusion coefficient of the (a) smaller particles
(b) larger particles at temperatures T = 2.0–0.3 along the
z−direction. Solid lines are fit to the data points, whereas
symbols correspond to the asymmetry parameter A = 0.0
(©), 1.0 (), 4.0 (♦), 8.0 (4), 10.0 (?), and 12.0 (+).
diffusion, especially at lower temperatures, as
D(T ) = A
[
1− d E0
kBT
]1/d
(4)
where E0 is the height of the barrier and d is the defor-
mation parameter25. For d = 0, above equation tends to
the original Arrhenius equation. For positive values of
d, D vs 1/T curve will be convex and the behaviour is
known as super-Arrhenius diffusion. The most common
mechanism known for super-Arrhenius diffusion is the
correlated dynamics of particles such as in supercooled
liquids. For negative values of d, the D vs 1/T curve will
be concave and the diffusion is said to be sub-Arrhenius.
As pointed out in the introduction, sub-Arrhenius be-
haviour is mostly observed in quantum systems, where
quantum tunneling plays a crucial role in the process.
From Fig. 3(b), it is clear that dynamics of the larger
particles is sub-Arrhenius at lower asymmetry in the po-
tential barrier. However, as the asymmetry increases the
concave nature of the curve diminishes and become linear
or convex. To find this, we have fitted the d−Arrhenius
equation and obtained the d values at different values
of A, which is shown in Fig. 4. At low values of A, d
is negative, a characteristic of sub-Arrhenius diffusion.
However, as A increases, the deformation parameter d
increases and for very larger values of A it crosses over
to positive values (though small), indicating a cross over
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Figure 4. Deformation parameter d is obtained from the
fitting of the d−Arrhenius law to the ln(Dlz) vs 1/T curves,
shown in Fig. 3(b), which is plotted against the asymmetry
parameter A.
from sub-Arrhenius to super-Arrhenius diffusion.
We have calculated the activation energy from the dif-
fusion of both small and large particles by fitting the Ar-
rhenius (for small particles) or d−Arrhenius (for larger
particles) equations from D vs 1/T curve; these are plot-
ted in Figs. 5(a) and 5(b). The activation energy of the
smaller particles shows a slow increase with A. Since the
diffusion of larger particles is d−Arrhenius, the activa-
tion energy for diffusion is temperature dependent and
hence plotted against temperature for different values of
A. As temperature decreases the activation energy de-
creases for smaller values of A, however the trend get
reversed at higher values of A. This is consistent with
the change in sign of d, again suggesting the crossover
from sub-Arrhenius to super-Arrhenius diffusion.
To gain further insight into this effect of asymmetry
on the diffusive behaviour of larger particles, we have
calculated density profile of larger particles along the z-
direction. This is plotted in Fig. 6 for two representative
temperatures T = 1.0 and T = 0.3. The density profile
shows peaks on neighbourhood of the external potential
barrier on either sides. This is due to the attractive de-
pletion interaction between the barrier and larger par-
ticles. For symmetric barrier (A = 0), the peaks are
symmetric around the center of the potential barrier, as
expected. However as A increases, the density profile
also becomes asymmetric. Moreover, density becomes
more at the asymmetric side of the potential compared
to the symmetric side. As temperature becomes lower,
the peak height increases for both peaks. However the
density at the centre of the potential barrier decreases
and becomes close to zero at very low temperatures. This
suggests that frequency of crossing over the barrier de-
creases with temperature. Since crossing of the barrier
becomes increasingly difficult for the larger particles at
lower temperatures, they aggregate near the barrier on
both sides, which leads to the higher local density of large
particles. This in turn leads to caging of particles locally
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Figure 5. (a) Activation energy of the smaller particles, Esa,
which is temperature independent. It does not vary with the
asymmetry parameter, except at A = 10. (b) Activation en-
ergy of the larger particles (Ela(T )) is temperature dependent,
showing a crossover (A = 10 onwards) from sub-Arrhenius to
super-Arrhenius diffusion.
and slowing down of the dynamics of the larger particles,
which can be examined by calculating the non-Gaussian
parameter as well as the self part of the van-Hove corre-
lation function.
In the case of symmetric potential barrier, the NGP of
the larger particles is (approximately) zero, which indi-
cates that these particles are not localized between the
barriers and their dynamics is diffusive even at lower tem-
peratures. In contrast to this, the NGP of the smaller
particles shows marked deviations from zero at interme-
diate times as we decrease the temperature. This cor-
responds to the localization of smaller particles between
the potential barriers resulting in a plateau in MSD at
intermediate times23. From the MSD’s of the smaller
particles [see Fig. 2(a)], it is evident that their dynam-
ics does not change significantly with the asymmetry in
the external potential except at A = 10. Therefore, we
show the NGP of the larger particles only (see Fig. 7) to
examine the cage like features due their localization near
the barrier, which is defined as
αl2(t) =
1
3
〈(rz(t)− rz(0))4〉
〈(rz(t)− rz(0))2〉2
− 1.0. (5)
Figure 7 shows that NGP of the larger particles is below
the value 0.1 at temperature T = 1.0, whereas it start
growing from T = 0.5 and A = 4.0 onwards. Interest-
ingly, from A = 4.0 of T = 0.5, αl2(t) shows two peaks
— first one at time t ≈ 1.0, while second one at time t ≈
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Figure 6. Density profile of the larger particles at A = 0.0,
1.0, 4.0, 8.0 and 10.0. (a) T = 1.0 and (b) T =0.3. Inset of
(a) and (b) shows a plot of peak heights ρpl (z) vs temperature
T at A = 1.0, 4.0, 8.0, and 10.0. These peaks are called as
peak I and peak II (from the left) of ρl(z) .
10.0 that shifted towards longer times at low tempera-
tures and the larger asymmetry parameter A. At T =
0.3, both peaks of NGP grow, which is a clear signature
of the onset of cage like motion found in supercooled liq-
uids; the time scales of both peaks are akin to the β and
α−relaxation time scales in the dynamics of supercooled
liquids27,28. Thus, these peaks show the cage like motion
of the larger particles near the barrier, which enhances
with the asymmetry parameter A, therefore, the larger
particles exhibit super-Arrhenius diffusion at A = 10.0.
On contrary, the large particles’ NGP does not show any
growth up to A = 1.0 and show sub-Arrhenius diffusion.
The MSD of the larger particles shows the sub-
Arrhenius diffusion along the z−direction due to crossing
the barrier comprising large jumps, which decreases with
temperature and asymmetry parameter A. At low tem-
peratures and larger A, the large particles become caged
due to their localization near the external barrier, prefer-
ably at the asymmetric side. The cage and the jump like
motions together can be examined from the self part of
van-Hove correlation function along z−direction29, which
is defined as
Gs(z, t) =
〈
1
N
N∑
i=1
δ[z − zi(t) + zi(0)]
〉
. (6)
A plot of Gs(z, t) of small particles at T = 1.0 and 0.3
is shown in Fig. 8. Figure 8(a) shows that Gss(z, t) does
not depend on the asymmetry parameter at all times; at
Figure 7. non-Gaussian parameter of the larger particles at
A = 0.0, 1.0, 4.0, 8.0, 10.0, and temperatures T = 1.0 (dashed
lines), 0.5 (dotted lines), and 0.3 (solid lines).
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Figure 8. Self part of van-Hove correlation function of the
smaller particles at A = 0.0, 1.0, 4.0, 8.0, 10.0, and tempera-
tures (a) T = 1.0 and (b) T = 0.3. Solid, dotted, dashed, and
dash-doted (T = 0.3) lines correspond to the times t = 1.0,
10.0, 100.0, 2000.0 (5000.0).
long times tail of Gss(z, t) spreads because the squared
displacement increases with time. At low temperatures,
e.g., T = 0.3, Gss(z, t) is independent of the asymmetry
parameter A, except at t = 5000.0, where it shows a
marginal dependency on A. This agrees with the discus-
sion of MSD of the smaller particles, which also does not
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Figure 9. Self part of van-Hove correlation function of the
larger particles at A = 0.0, 1.0, 4.0, 8.0, 10.0, and tempera-
tures (a) T = 1.0 and (b) T = 0.3. Solid, dotted, dashed, and
dash-doted (T = 0.3) lines correspond to the times t = 1.0,
10.0, 100.0, 2000.0 (5000.0).
depend on the A, except at long times (marginal varia-
tions) of A = 10 and T = 0.3. Similar to the small parti-
cles, Gls(z, t) of the larger particles also does not depend
on the asymmetry parameter A at high temperatures
(one representative temperature, i.e., T = 1.0 is shown)
and shorter time scales, though it changes marginally at
long time scales [see Fig. 9(a)]. This is supported from
the MSD of the larger particles, and their density pro-
file that does not change much on increasing A at high
temperatures — as the peak heights increase marginally
[see inset of Figs. 6(a) and (b)]. However, at low tem-
peratures, Gls(z, t) varies with asymmetry parameter A
from t ≈ 10.0, significantly. Interestingly, Gls(z, t) start
showing a peak from t ≈ 100.0, which start appearing
at z ' 2.0σll for the symmetric potential barrier (A =
0), which entails that the larger particles can hop large
distances of the order of twice of their diameter. This
shows that the larger particles show MSD larger than
the expected from 〈(rz(t) − rz(0))2〉 = 2Dz t , which
causes their diffusion to be sub-Arrhenius. The poten-
tial of mean force calculated from the density profile of
the larger particles, i.e., Vl(z) = −kB T ln[ρl(z)], shows a
small effective barrier height (effext ' 0.2) at low temper-
atures of A = 0, which means that larger particles can
jump over the barrier with a small energy penalty. This
peak of Gls(z, t) shifts toward smaller distances with the
increase in asymmetry of the external potential. Inter-
estingly, the peak of Gls(z, t) starts approaching toward
z ' σll from A = 4.0 onwards that reaches at z ' σll for
A = 10.0, indicating the jump like motion of the larger
particles from the transient cages, similar to one of the
characteristics of supercooled liquids. The effective po-
tential barrier height for the large particles at T = 0.3
and A = 10.0 is effext ' 1.0, which is five times greater
than the height at T = 0.3 and A = 0.0 (symmetric po-
tential). This is a clear signature of the localization at
larger A and low temperatures due to the asymmetric
external potential barrier, which alters the diffusion of
larger particles over the barrier from sub-Arrhenius to
super-Arrhenius.
IV. SUMMARY AND CONCLUSIONS
We have shown the effect of asymmetry in the exter-
nal potential barrier along the z−direction, on the struc-
ture and dynamics of the binary colloidal mixture us-
ing molecular dynamics simulations. Due to the deple-
tion interaction between the potential barrier and the
larger particles, density of larger particles increases near
the barrier. However, as the asymmetry in the potential
barrier increases, barrier crossing becomes less probable,
leading to even higher densities near the barrier especially
on the asymmetric side. This leads to transient caging
of the larger particles. Therefore, for highly asymmet-
ric potential, the diffusion of the larger particles crosses
over to super-Arrhenius from sub-Arrhenius diffusion. In
general, depletion interactions between potential barrier
and the larger particles makes the activation energy to
jump over the barrier, temperature dependent. However,
the nature of this dependency changes with the asymme-
try parameter in the external potential. At low values
of A, the activation energy decreases with temperature,
whereas for larger values of A, activation energy increases
with decreasing temperatures. Thus, the dynamics of the
larger particles at very large values of A is very similar
to the dynamics of supercooled liquids. This will be in-
teresting since the volume fraction we have used in this
study is very low compared to that of supercooled liq-
uids. Thus, our model may be employed to study the
features of empty liquids and solids30,31.
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